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The steady-state solution of electromagnetic-field problems in ferromagnetic materials is given. The effects of
magnetic saturation and hysteresis are included. The solution is based on the differential diffusion equation assum-
ing variable complex magnetic permeability. A precise formula is given to calculate the total power losses due to
eddy currents and hysteresis. Computed curves, together with measured curves, are given for active and reactive
losses in mild steel. Good agreement is obtained between measured and computed values.

List of principal symbols

arp = coefficient of active power loss and resistance,
taking into account the variable magnetic perme-
ability and hysteresis

ax = coefficient of reactive power loss and reactance
taking into account the variable magnetic perme-
ability and hysteresis
B,,= peak magnetic flux derisity, T
d = depth of penetation, m
E,, = peak electric field strength, V/m
H,, = peak magnetic field strength, A/m
H,,r = critical magnetic field strength, A/m
my, my, n = parameters defining the nonlinearity of magnetisa-
tion curves
ri,2 = roots of characteristic equation for fictitious
medium I .
S, =p +jq = normal component of Poynting vector, VA/m?

= parameters expressing variations of the magnetic
permeability u,. and angle ¢ with the z-axis
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1 Introduction

The diffusion of electromagnetic fields into solid ferromag-
netic conductors is an important problem in the design and operation
of power apparatus such as electrical machines, transformers and
electromagnets. A precise solution for the electromagnetic field in
solid iron is difficult, owing to the complicated relationship of mag-
netic field strength H and flux density B. In general, if saturation
or hysteresis are included, the problem becomes intractable by analy-
tical solutions, and only numerical solutions are feasible using the
digital computers.!*%3

One-dimensional finite-difference methods are readily able to
solve this problem even with modest computer equipment. On the
other hand, to understand the numerical methods better, we can
first solve Maxwell’s equations in ferromagnetic material analytically
using an approximate procedure. An analytical approach could be
helpful in setting up numerical solutions for electromagnetic field
in electrical machines and transformers. As it is known, numerical
methods taking into account the variable permeability are still too
inefficient from the computation point of view in computer aided
design of electrical machines, e.g. linear induction motors with the
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ferromagnetic secondary and rotary induction motors with solid
ferromagnetic rotor. The use of coefficients obtained from analytical
methods taking into account saturation and hysteresis considerably
reduces the time needed for design with the aid of digital computers.

The most popular approximate methods of electromagnetic field
analysis in ferromagnetic materials are the following: Rosenberg’s,
Haberlands®® enlarged by Agarwal,” Nejman’s,® Kesavamurthy’s
and Rajagopalan’s.” These methods can be applied only in some
intervals of magnetic field strength and determined conditions.
Moreover, these methods are not useful for precise calculation of
power losses.

Recently, the problem of saturation and hysteresis was considered
analytically, among others, by Heller and Sarma,'® Barth! and
O’Kelly.'> Heller and Sarma'® investigated the electromagnetic
phenomena in ferromagnetic bodies placed in a sinusoidal field under
the assumption of an ideal rectangular B/H curve. Barth!! repre-
sented the electromagnetic field in solid iron by complex Fourier
series, the coefficients of which may be calculated by harmonic
analysis of measured static hysteresis loops. O’Kelly'? gave a solution
for the electromagnetic field in solid iron including both hysteresis
and eddy currents effects by considering only fundamental harmonics
of flux density and magnetic-field strength expressed in terms of
phasor vectors. Hysteresis in ferromagnetic material is represented
by an idealised elliptical B/H curve.

The purpose of this paper is to give one more analytical method,
which can be applied in a wide variation range of magnetic field
strength, theoretically from zero to infinity.

2 Assumptions

The analysis of electromagnetic field in solid ferromagnetic
material will be carried out with the following assumptions:

(a) the thickness of ferromagnetic body far exceeds the depth of
penetration, so that the body can be developed to correspond to
an infinite halfspace

(b) the radius of curvature of the halfspace far exceeds the depth of
penetration, so that analysis can be made in the Cartesian-co-
ordinate system

(¢) the incident electromagnetic wave is plane polarised, i.. the
magnetic component H,,, is in the y-direction, the electric com-
ponent E, . is in the x-direction and the z-axis is chosen normal
to the surface and extends into the material

(d) the magnetic field strength H,,,,, at the surface of ferromagnetic
halfspace is known

(e) the electric conductivity is independent of temperature variation
inside the halfspace body

(f) the anisotropy of ferromagnetic halfspace is neglected

(g) all the field quantities vary in time according to the sinusoidal
law

(h) the higher harmonics of magnetic and electric field strength are
omitted. :

_Assumptions (g) and (k) can be set up because in relation to funda-

mental harmonic .the higher harmonics are moie strongly damped
inside halfspace body.
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3 General equations of one-dimensional electro-
magnetic field in ferromagnetic material

In the ferromagnetic material both amplitude and phase
angle of magnetic flux density depend on magnetic field strength.
Let us consider the magnetic flux density B varying sinusoidally in
time, i.e. B(z, t) = B,,(z) exp (jwt). The first harmonic of magnetic
field strength leads the magnetic flux density by hysteresis angle
V(z), ie.- H(z, t)=H,,(2)exp {[wr + ¥(2)]}. At an arbitrary
point z, the correlation between magnetic flux density and magnetic
field strength can be expressed with the aid of complex magnetic
permeability:

B (2)
H,(2)

Values of relative magnetic permeability u, =f(H,,) and hysteresis
angle Y = f(H,,) of various types of carbon steel are given in Table 1.
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Ferromagnetic halfspace in one-dimensional electromagnetic field

a Variation of relative magnetic permeability u,. with the z axis in the case
of Hpgy > Hmer

b Variation of relative magnetic permeability u, with the z axis in the case of
Hmsy < Hmcr

Tabte 1

The complex magnetic permeability u(z) will be introduced into
Maxwell’s equations. For conducting homogeneous and isotropic
ferromagnetic material, the Maxwell’s equations with displacement
currents and convection currents assumed to be negligible and all
field quantities varying sinusoidally in time are as follows:

9%H, (z,
——alz"z(z—t) = jwoBy,(z, 1) )
_ _13H,(, t)
En(z,t) = 3 2z 3)

At the power frequencies, i.e. 50 or 60 Hz, the displacement currents
and convection currents can be omitted. Eqn.2 is also called the
diffusion equation.

It is necessary to introduce into eqn. 2 such an approximation of
complex magnetic permeability varying with the z coordinate that
the nonlinear eqn. 2 can be solved from the mathematical points of
view.

4 Magnetic permeability and hysteresis angle

Magnetic field penetrating into a ferromagnetic material
decays monotonically along the z-axis. At some depth its value is
equal to zero. The variations of relative permeability u, and angle
Y with the z axis can be foreseen on the basis of magnetisation
curves u, = f(H,,) and ¢ =f(H,,). Magnetic field strength corre-
sponding to maximum permeability ., will be called the critical
magnetic field strength H,,.. If the magnetic field strength H,,; at
the surface of ferromagnetic medium is higher than the critical field
strength H,,.., then the relative permeability u, and angle y increase
from the surface values to the maximum ones (for H,, = H,,).
Subsequently, u, and ¢ decrease from the maximum values to the
initial ones (for H,, = 0) at a depth where magnetic field strength is
equal to zero. Thus, for high magnetic saturation H,,s > Hpep, the
variation of relative permeability u, with the z axis shows that it is
possible to replace the ferromagnetic halfspace by two fictitious non-
linear media with finite thicknesses in such a way that:

(i) in the outer medium I (Fig. 1a) with its thickness z,,, and para-
meters o, = f(z), Y1 =f(z) relative magnetic permeability and
angle Y increase monotonically from surface values for H,, = H,;
to maximum ones for H,,, = H,.,

(ii) in the inner medium II (Fig. 1a) with its thickness z,,,4, and
parameters 0, g = f(2), Yy = f(z) relative magnetic permeability
and angle Y decrease monotonically from maximum for H,, =
H,, - to initial values for H,, = 0.

" The thickness z,, of a fictitious outer medium I depends on magnetic
field strength H,,, at the surface. For the given type of steel and
determined frequency, the thickness zp,,,. of a fictitious inner
medium II is independent of the surface magnetic field strength. We
can assume that in the outer medium I, i.e. for H,,; > H,,., relative

MAGNETIC AND ELECTRIC PROPERTIES OF TESTED SAMPLES OF CARBON STEEL

Number Chemical
of composition 100 A/m
sample v

HMr Mr

rad

Magnetisation curves y, = f(H,,) and ¥ = f(H,,)

mcer

Electric
5000 A/m 20000 A/m conduc-

tivit
e e ot
rad rad rad 2932K
S/m

Hm cr

A/m

0-27% C, 0-70% Mn,
1 0-12 — 0-30% Si,
0-050% P, 0-055% S

0-32 — 0-40% C,
0-50 — 0-80% Mn,
0-17 — 0-37% Si,

2 0-25% Cr, 0-25% Ni,
0-25% Cu, 0-040% P,
0-040% S

0-52 — 0-60% C,
0-50 — 0-80% Mn,
017 — 0:37% Si,
0-25% Cr, 0-25% Ni,
0-25% Cu, 0-040% P,
0-040% S

0:62 - 0:70% C,
0-50 — 0-80% Mn,
4 0-17 — 0-37% Si,
- 0-25% Cr, 0-25% Ni,
0:25% Cu, 0-040% P,
0:040% 87 "

130 0-314 1500

90 0-192 640

70 0-140

535

40 0-087 430

0-838 240 0-14 70 0-052 620 x 10° 350

0-803 220 0-332 70 0-14 4-50 x 10° 800

0-768 215 0-314 70 0-14 4-64 x 10° 900

0716 -, 200 0297 . 70 014 4:57x.10° . 1150
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magnetic permeability and angle y; change in the z direction, accord-
ing to the following formulas:

oy = 2 . @
(]_tl -
_ -
Y = —%—2—7 )
(l_tl—)
Zm

The parameter ¢, = f(H,,;) has to remain within 0 <¢, <1. It
cannot take the value f;, =1 because, in this case, the values u,.y

and Y for z = z,,, would tend to infinity. The parameter
1/2 172

no=1- [Ee) s (L ©
Tmax max
can be determined from the conditions u.; = Mrpmae and Y1 = Yrmax
in the depthz = z,,.
Similarly, in the inner medium II, i.e. in unsaturated region, we

can assume that relative magnetic permeability and angle Y change
according to the formulas:

g = Mrmax . Q)
( | Rl ) max d zm)
Zpmax:

Vg = Vimax L (8)

2
z—1z,,
1 =13 max .
Zpmax

where parameter £5 ,,,,, < 0 is equal to
1/2 172

HMrmax Wmax
fam ( Mrin ) (Win ) (9)

However, if the magnetic field strength H,,, at the surface of ferro-
magnetic medium is less than or equal to critical field strength, then
relative magnetic permeability and angle y decrease monotonically
from surface values (for H,, = H,,;) to the initial ones (for H,, = 0).
Thus, in the case of low magnetic saturation (H,,,, < H,,.,), the ferro-
magnetic halfspace can be replaced by a single layer with its thickness
2, and parameters o, 4, = f(z) and ¥ = f(z). Instead of parameter
12 max> We have to put into eqns. 7 and 8 the parameter

172 172
- ofa (e
Mrin 'I’in

In this case, the magnetic permeability and hysteresis angle change
according to the following eqgns. (Fig. 1b):

Mrs

(10)

m=(_ zV an
( l—tz—)
Zp

y=—t (12)

Y
( l_tz_)
Zp

Expressions for complex magnetic permeability in cases of high and
low magnetic saturation are given in Appendix 9.1.

5 Solution of diffusion equation

On assumptions given in section 2, exprs. 1, 4, 5, 7 and 8
and Appendixes 9.1 and 9.2, the solutions of one-dimensional electro-
magnetic field eqns. 2 and 3 in the case of H,,,, > Hp,, are as follows:

(i) for0 <z<z,,

1
Hyy = 11—4 [A exp (r1$1) + Bexp (r2$1)] Hmsyr (13)
Emat = 22 Liridexp [ — 13]
mx1 Zn0 M 1 1
+rBexp [(r. — 1)(1]}Hmayx (14)
(i) for z,, <z <2, + Zpmox
1t
Hpmyn = — — (ry —ra)exp [(ry + 72 — 1] Hney
M z,,
exP(v'z;nax{Zmax):Hmcr €XP (V2 max §2 max) (15)
1100

t2max7)2max _l t_l
Zpmax® Mz,

x (ry —r2)exp [(ry +ry — 1)) Hppeys

€xp [(’02 max ~ 1)52 max]

Emxn =

ty (%
= -Zmar max Hpper €Xp [(V2 max — 1)§2max]

(16)

Zpmax O
where

A= [M _hn exp (*ﬁ)] exp (r20)

Zpmax Zm

P (_B) - 2maxV2m

Lr
B =[l—l ex NJ< exp (71 )

Zm Zpmax

M=A+B

I

|
+
S~

R 2
— mn

. 2 J 172
[1+8(d;t1) Sinl"tl]}

ra=r tjr =

an

2 .
zm . 'Ils
[l +8 (dstl) sy —zl]]

V2 max =v’2max +jv;max
2
2 4—n n
= —+j 1—
2 1/2
1+8 Zpmax sin Vimax
) dmathmax 1 2 max
d,t,(4 —my) m\’
fm = V) o Py
2m; cos —= y
1—¢
v 12 v 12
[cos n _’tl] —sin I?‘t—l}

_ dnaxtamax (4—1) n \?
- Ymax [[l B (4_")

2n cos

(18)

(19)

(20)

Zpmax

~l2max

@@n

w 1/2
cos —mex —sin
1- tha.x]

w }‘/2

l_thax :
The parameters m,, m,, rn come from equations of magnetisation
curves (Appendix 9.2).

For the magnetic ‘permeability u,.; at the surface of medium I,
the depth of penetration d, of electromagnetic wave is equal to

( 2 )1/2
dg = | ——
W Uo Mrs O

To calculate the depth of penetration d,,,, for medium II we have
to replace the permeability u,, by the maximum permeability fpngs,

ie. 12
Y P (23)
W HoMrmax O,

In the case of Hy,sy < Hpper, €qns. 2 and 3 can be solved in the same
way. We obtain

(22)

dmax

Hmy = Hmsy exp ('02 §2) (24)
Eme = 225 exp [0 — Dta) (9)
Z,0
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where

Coefficients agp, axy depend only on magnetic properties of ferro-

magnetic material represented by parameters m,, ma, 1, g, Hrmaxs
Vs, Umax and are independent of frequency. Values of coefficients

ap and ay are determined for four types of carbon steel (Table 1).

The magnetic permeability and hysteresis angle of steel given in
Table 1 were measured using rotative ellipsoids, like shaped samples.

The calculation results of coefficients ag, ax are shown on graphs in

Fig. 2
losses ax = f(H,,) for carbon steel given in Table
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Coefficients of active power losses ag = f(Hp,s) and reactive power
1

z
¢ = In (1 —t;——)
Zp
v, = vy Hfv; =
2
2 4—n n
2n 4—n Fig. 2. To verify eqn. 31, the active- and reactive-power losses in the
2 2 v 1/2 _
x [1+8{ 2] sin 2 (26)  "%0
dgt, 1—1,
2 o ,
dgt,(4—n) 1 n 10000 K
= - ’
’ 2n cos L 4=n /
- /
—1, 9000 /
172 172 /
4
cos Vs - Vs (X)) 8000 /
1 - tg 1 - tz I'
[
4
From the mathematical point of view, the solution of diffusion eqn. 2 7000} /
is discussed in Appendixes 9.3 and 9 4. K
/
’
6 Power loss density 6000} /
4
The energy flux density is determined by the normal com- '15 ,/
ponent of Poynting vector in the symbolic form ESOOO- /’
* . . 4
Sz = &(meHmy)z=o =Pp +]q (28) ,’,
. cel s 4 r 4
where H,',‘,y is the conjugate of H,,, in eqn. 13 or 24. Substituting 000 /
eqns. 13 and 14 or 24 and 25 into eqn. 28 we obtain Y
- /
(i) for high magnetic saturation Hy,g, > Hpper 3000 /’
/
1 . o Hpg 2 7
S, =— — (nA+nB(4 +B") —/——— 29 20001 ’
z 2,0 |M|2 ( 1 2 )( ) 2 ( ) ’//
7
(ii) for unsaturated ferromagnetic material, i.e. Hp5y < Hper 1000k /”
. ’,
12X 2% |Hmsy|2 ,/,
= 129 g (30)
Zp0 2 0 i 1 1 1 1 1 1 )
0 2000 4000 6000 7000 10000 12000 1400016000
Eqns. 29 and 30 can be transformed into the form Hms , Alm
1 Hpy 2 °
= iq = i — Hmsy
S, =p+jq = (ag +jax) 4o 2 (€1)) 1nor ;
where: H
100} /
() for Hppgy > Huper /
]
d,t, rA+r,B /
ap = Re 32 901 I
B A+B @2) !
‘l
dgt rnA+r,B i '
ay = st 1 Im 1 2 (33) 80 1"
Z, A+B '
]
(ii) for Hipgy < Hpper 70t ;‘
[}
dit, /
ap = 82 (2 (34) NE 60+ ,l'
Zp 3 ’/
dity a
ay = 2% 9} (35) s0f /
Zp
40r
30+ 4
1
'
,I
20t [
/!
G
!
(4
10} 4
7
/,,
0 ~ \ ) A . . L ,
0 2000 400 600 800 1000 1200 1400 1600
06 Hms, Alm
b
04 , , \ L N Fig.
7600 5000 0000 %000 18000 - 3 , .
H Alm ctive power losses at the frequency 50 Hz in carbon steel containing
ms . 0-27% carbon (Table 1)
a For the case of high magnetic saturation
b For the case of low magnetic saturation
measured curves
calculated curves
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carbon steel containing 0-27% carbon (Table 1) have been measured.
The tests were performed using wattmeter method!' on a solid
annular steel sample with the following data: outer diameter =
0-1591m, inner diameter = 0-1404m, thickness = 0-196m. The ring
was furnished with evenly distributed copper windings: primary
coil = 156 turns, secondary coil = 156 turns. At the frequency

6000[
50001
45001
LOOOL
35001

3000r

q,VArim?
~N
ur
o
=

20001

15001

1000r

500r

1 1

8000 10000 12000 14000
Hms .AIm

10

90(

80r

q,VArIm2
wun
=)
7

401

o

0 L 1 1 1

0 200 400 600 800 1000

Hme , A/m
b

L J
200 1400 1600

Fig. 4
Reactive power losses at the frequency 50 Hz in carbon steel con-
taining 0-27% carbon (Table 1)

a For the case of high magnetic saturation
b For the case of low magnetic saturation
measured curves
------ calculated curves

50Hz the active-power losses calculated on the basis of eqns. 31, 32
and 34 and measured-power losses are shown in Fig. 3. The reactive-
power losses at the frequency 50 Hz calculated in terms of eqgns. 31,
33 and 35 and measured-power losses are shown in Fig. 4. The com-
parison of the measured and calculated curves shows the validity of
the assumptions and analysis presented here.

7 Conclusion

The analytical method worked out here, which is taking into
account saturation and hysteresis is a correct one. In the case of
reactive-power losses (Fig. 4) this method is more precise than in
case of active-power losses (Fig. 3). For the ferromagnetic medium
the Maxwell’s equations can be solved in the same way when u, =
a constant and ¥ = a constant if one introduces equivalent complex
magnetic permeability

bre = Mrs(p" _j“") (36)

where
M = agpax
and
p" = 4(ak —a%)

It is possible to apply this equivalent permeability to 2-dimensional
and 3-dimensional field problems, e.g. in linear induction motors with
the ferromagnetic secondary, or ferromagnetic tanks of transformers.
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9 Appendixes

9.1 Complex magnetic permeability

Variable hysteresis losses in the z direction are approximately
equal to the losses for the mean angle ¥ within 0 <z <z, 2y <2
<z +2pmax, 1 0<2 <2,

Introducing eqns. 4 and 5, or eqns. 7 and 8 into expr. 1, in case
of high magnetic saturation we obtain:

() for0<z <z,

Mo | 12 -
i) = ———5 exp|— ———3| =
. z z
Zm Zm
Mo Mrs Vs - Vs
S - 37
z 2 (Co l‘tl ]Sml_tl ) ( )
1—t, —
m

(ii) forz,, <2<z, + Zpmax

., ¥max
— T exp | =] z‘
z2—2zZ zZ—2Z |
(l_t'2max m) (l_t2muxz m)
Zp max 'pmax
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HMoHMrmax
2
zZ—2z
(1 ~t2amax m)
Zpmax
cos Vmax —j sin Y max
1 =12 max 1 =t max

Introducing eqns. 11 and 12 into expr. 1, in the case of unsaturated
ferromagnetic material we have:

(38)

Mo Hre .Y -

,exp | —f ———| =
Zp Zp

Ho by Y N

— (cos I _’tz —jsin 7 "'.tz )

3
Zp

Such form of complex magnetic permeability as eqns. 37, 38 and 39
makes it possible to solve eqn. 2.

u(@ =

(39)

9.2 Approximation of magnetisation curves

The measured magnetisation curves u, = f(H,,) and ¢ =
f(H,,) for constructional steel are given in Table 1. These curves can
be expressed simply by equation of parabola, e.g. for magnetic per-
meability

(i) for Hp, > Hypor

M = auHym (40)
(i) for H,, < Hp,er
b = byHym 1)

where m; >0, m, <0.

Each material will have a characteristic value of m, and m,, which
can be determined from its magnetisation curve. Moreover, because
of the inflection point of the curve w, = f(H,,) in the unsaturated
region it is better to assume the straightline approximation, i.e.

M = C"H;," 42)

where n = — 1 for all ferromagnetic materials.

The constants a,, b, and ¢, are a scale factor which also have
characteristic values for a given material.

Eqns. 40 and 42 for constructional steel are shown in Table 2.

9%H, . n
;:yll = jwioo rmax 5
0z z—z
(l ~ 2 max m)
Zpmax
(cos ¥max —j sin ¥max Hpyn  (45)
l_t2max 1 — 2 max
1 0H,
E = ——Zmyll 46
mxII ¢ 0z ( )
Putting
exp{; = 1—'t,ifor0<z <zp
zm
and z—z,

exXp$amax = | —l2max forz,, <z<z, +Zpmax

Zpmax

differential eqns. 43 and 45 can be transformed into second-order
linear equations with constant coefficients

02 Hppyy L
att e
2
1 . ws . \bs Zm
— 2— [sin = + ) Hypyp =
2d§ (sm -1, jeos )G, my1 = 0 (47)
0%Hpyn _ OHmyn +
ag%max a(imwc

I Vmax . Vmax
— 2—— {sin ——— +jcos ———
d?na.x( 1 =13 pax 1 =t pmax

2
(Zemaz) Hmyll =0

{2 max

(48)
The following characteristic equations correspond to eqns. 47 and 48:
v v :

& +jcos L2 )(z_,,,) =0

1—1¢, 1—1 15}
Ymax
1 =t mas

1
2 —p—2—= [sin
r—r d:(

L (. ¥ .
V20 — Vmax —2‘—12—— sin l—:ﬂtg"— +jcos
max 2 max

2
Zpmax =0
12 max

Table 2

APPROXIMATION OF MAGNETISATION CURVES OF CARBON STEEL

Number of sample Hp > Hppor H,, <Hper Parameters into

eqn. 40 eqn. 42 eqns. 40, 41 and 42

1

0-27% C = Tx 105H2% K = 43 H, 0-94 -1 -1
2

0-32 - 0-40% C 4 = 44 x 105H2-% M = 08 H, 0-90 -1 -1
3

0-52 — 0:60% C e = 2:9%x 10°H 2% W = 06H, 0-85 -1 -1
4

062 — 0-70% C K = 2:6 x 105H,;2-% K = 06 H,y, 0-85 -1 -1

9.3 Solution of diffusion equation with complex roots

In the case of H,,,, > H,,., equations of one-dimensional
electromagnetic field are the following:

() for0<z<z,

9%H,
3 V;IYI - f(d#oa Mrg =
z z
(1 _tl _)
zm
12 N
(cos n _’tl —j sin 1_—87, Hypr (43)
1 94,
E = —— ——myl
mxl o oz (44)

(i) for z,,, <z <z, + Zpmax
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. 1 1
=natjir,=431+2K,|*j ==K 49
rl,2 rl,2 171,2 %( \/2 s) .’2\/2 s ( )
V1,2max — v'l,2max +j7)‘l’,2max =
1 1
%(1 i\_/—iKmax) tj Z\/_ZKmux (50)
where
2 2 d/ 2 4._1/2
K, = [{1+16(—=]| sin —— +64( " +
: {[ (dStl) l l_tl (dStl) :|
2 1/2 .
14822 sin Ys
dstl‘ l_tl
1103



2 11/ 4.1/2
z z
Kmax = { |1 + 16| —27% sin mex . 4 64 —BImE_
max {[ (dmaxt2mwc l_t2ma.x dmaxt2max
2 12
+1 48| Zomes sin —Ymas
dmaxt2max 1 ~ 2 max
General solutions of the eqns. 43,44, 45 and 46 have the form:
(i)for0<z<z,
Hpyyr = H;xlyI+Hr’r'|yl =
ClylexP(’lfl)"'CzyIEXP(’zfl) (51)

Epyr = ztﬁ; {riCiyrexp [(ri —1)$1]
+r;Cayr exp [(r2 — 1811} (52)
(ii) for z,,, <z <z, + Zpmax
Hpnyn = Hpyn + Hpyn

Cly“ exp(vl ma.x§2 ma.x)+ C2yll exp(v2max§2max)

(53)
t
me]] = 2riox {vl maxclyl] €Xp [(vlmax - l)g-Zmax] +
Zpmax0
() maxC2yl] exXp [(v2max - 1)§2max]} (54)

The constant Cyyy; =0 because, in medium II, the reflected wave
cannot exist. The remaining constants C,,1, C,,1 and C,y are deter-
mined from boundary conditions forz =0 and z = z,,,.

In the case of H,,,, <H,,,, the solution of the one-dimensional
field problem is similar.

9.4 Determination of quantities ry 5, V2 ymax, Y2, Zm, Zpmax and
Zp
Introducing magnetisation curve approximations 40, 41 and

42 into eqns. 4 and 7 in the case of H,,,, > Hp, we obtain the
following equations:

() for0<z<z,

2 2/my
Zm
2 2/my
|Hpyl = |H,"m,l(l—t, —-) (56)
zm

1104

(i) for z,,, <z <zp + Zpmax
2/n

2 im ) (57)

pmax

|l = wma(1 —

On the other hand, on the basis of eqns. 13 and 15, we obtain:

r
oyt = 1Hingy 1! (1—:.’—) (58)
zm
z \*
|H;:.‘y[|= lle’nsyll (1 -l —) (59)
Zm
7 —z Vamax
|Hpynl = |Hperl (1 ~l2max m) (60)
. Zpmax

The right-hand sides of eqns. 55, 56, 57 and 58, 59 and 60 should be
equal. Hence, we determine real parts and next imaginary parts of
characteristic roots of eqns. 17, 18 and 19. Comparing the real parts
of exprs. 17,49 and 19 and 50 we obtain equations of fourth-order
with respect to the variables z,,, and z, 0, :

2 2 4 ‘p z 2
mi m 2 s m
4 {—- — +2| —
(4—m,) (dstl) I (dstl)
. ‘ps 1 4_m1 2 _
sml_tl 4[( m, =0

Vimax

2 2 4
n

4 Fme cos? —F— 4

(4_71) (dmaxthnax l_t2max

2

2 (-Zpmax ) sin Ymas +

Amoxt2 max -1z max
_ _1_ 4—n ’ _ -0

4 n

Hence, there are determined thicknesses z,,, eqn. 20, and z,,,4¢,

eqn. 21. A similar procedure takes place in case of H,zy <Hper
where quantities v,, eqn. 26, and z,,, eqn. 27, are determined.
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